Cosymplectic geometry can be viewed as an odd dimensional counterpart of symplectic geometry. As in the symplectic case, a related property which is preservation of closed forms ω and η, refers to the theoretical possibility of further understanding a cosymplectic manifold (M, ω, η) from its group of diffeomorphisms. This paper studies the structure of the group of cosymplectic diffeomorphisms of a compact cosymplectic manifold (M, ω, η) in threefold: (I) We define and study the space of cosymplectic vector fields, this set forms a Lie group whose Lie algebra is the group of cosymplectic diffeomorphisms, and we study cosymplectics counterpart of the Moser isotopy method, a proof of a cosymplectic version of Darboux theorem follows; (II) we study the cosymplectic analogue of a result that was proved by Hofer-Zehnder, a cosymplectic analogue of Hofer-like geometry follows, the group of co-Hamiltonian diffeomorphisms carries two bi-invariant norms; and (III) we define and study the cosymplectic counterpart of flux geometry, this gives rise to a group homomorphism S η,ω , whose kernel is path connected.
The cosymplectic group
Let F be a linear map form vector space E into another vector space V , and let Ω be any k−multi-linear map on V . The pullback of Ω by F , denoted F * Ω, is the k-form on E defined by :
F * Ω(X 1 , . . . , X k ) = Ω(F (X 1 ), . . . , F (X k )), for all X 1 , . . . , X k ∈ E. Given any cosymplectic vector space (V, b, L) we shall denote by Cosy(V, b, L) the following set:
Note that Cosy(V, b, L) forms a path connected group called the linear cosymplectic group.
Cosymplectic Manifolds
Let M be a smooth manifold. An almost cosymplectic structure on M is a pair (η, ω) consisting of a 1−form η, and 2−form ω such that for each x ∈ M , the triple (T x M, ω x , η x ) is a cosymplectic vector space. Therefore, a cosymplectic structure on M is any almost cosymplectic structure (η, ω) on M such that dη = 0, and dω = 0. We shall write (M, η, ω) to mean that M is equipped with a cosymplectic structure (η, ω). We refer the readers to the papers [12, 11] for further details.
In particular, Remark 1.3 tells us that any cosymplectic manifold (M, η, ω) is oriented with respect to the volume form η ∧ ω n , while by Remark 1.2 any cosymplectic manifold (M, η, ω) admits a vector field ξ called the Reeb vector field such that η(ξ) = 1, and ι(ξ)ω = 0. Example 1.2. M = T (2n+1) = S 1 × · · · × S 1 (2n+1)−times with coordinates systems (θ 1 , . . . , θ 2n , α), η = dα, and ω = Σ n i=1 dθ i ∧dθ n+1 : Hence, dη = 0, dω = 0, and η ∧(ω ) n = ∓n!dα∧dθ 1 ∧· · ·∧dθ 2n , is a volume form on M . Therefore, (M, η , ω ) is a cosymplectic manifold.
Remark 1.4. Note that not all odd dimensional manifolds has a cosymplectic structure. For instance, let M (2k+1) be any (2k + 1)−dimensional closed manifold with k = 0 such that H * (M (2k+1) , R) denotes its * −th de Rham group with real coefficients. Therefore, if H 1 (M (2k+1) , R) = 0, or H 2 (M (2k+1) , R) = 0, then M (2k+1) has no cosymplectic structure. In particular, since H 1 (S (2k+1) , R) = 0, then the unit spheres S (2k+1) have no cosymplectic structures, for k = 1, 2, . . . . This is a consequence of the usual Stockes' theorem. We shall denote by Cosymp * η,ω (M ) the space of all cosymplectomorphisms of (M, η, ω). Definition 1.5. Let (M, η, ω) be a cosymplectic manifold. An isotopy Φ = {φ t } is said to be almost cosymplectic (resp. cosymplectic) if for each t, we have φ t ∈ Cosymp η,ω (M ) (resp. φ t ∈ Cosymp * η,ω (M )). We shall denote by Iso η,ω (M ) (resp. Iso * η,ω (M )) the space of all almost cosymplectic (resp. strict cosymplectic) of (M, η, ω), and put We equip the groups G η,ω (M ) and G * η,ω (M ) with the C ∞ −compact-open topology [8] . Example 1.3.
• If M = R (2n+1) with coordinates systems (z, x 1 , . . . , x n , y 1 , . . . , y n ), η = dz, and ω = n i=1 dx i ∧ dy i , then for each fixed a = (s, a 1 , . . . , a n , b 1 , . . . , b n ), the map ψ a (z, x 1 , . . . , x n , y 1 , . . . , y n ) = (z + s, x 1 + a 1 , . . . , x n + a n , y 1 + b 1 , . . . , y n + b n ), is a cosymplectomorphism of (R (2n+1) , η, ω). Furthermore, the map Φ a : t → ψ ta is a cosymplectic isotopy of (R (2n+1) , η, ω).
• If M = T (2n+1) := R (2n+1) /Z (2n+1) equipped with its cosymplectic structure (η, ω) inherited from the quotient map, then the above translation ψ a , induces a rotation R a on T (2n+1) which is of course an element of G * η,ω (T (2n+1) ).
• If M = R (2n+1) with coordinates systems (z, x 1 , . . . , x n , y 1 , . . . , y n ), η = dz, and ω = n i=1 dx i ∧dy i , then for each fixed b = (s, a 1 , . . . , a n , b 1 , . . . , b n ), and λ a real number, the map ψ b,λ (z, x 1 , . . . , x n , y 1 , . . . , y n ) = (e λ z, x 1 + a 1 , . . . , x n + a n , y 1 + b 1 , . . . , y n + b n ), is a almost cosymplectomorphism of (R (2n+1) , η, ω). Furthermore, the map Φ b,λ : t → ψ tb,tλ is a almost cosymplectic isotopy of (R (2n+1) , η, ω).
inherited from the quotient map, then the above translation ψ b,λ , induces a rotation R b,λ on T (2n+1) which is of course an element of G η,ω (T (2n+1) ).
Tangent bundles
Let Ω 1 (M ) (resp. χ(M ) ) be the space of all 1−forms (resp. of all smooth vector fields) of a cosymplectic manifold (M, η, ω). The cosymplectic structure induces an isomorphism of C ∞ (M, R)−modules I η,ω : χ(M ) −→ Ω 1 (M ), X → η(X)η + ι(X)ω. The vector field ξ := I −1 η,ω (η) is called the Reeb vector field of (M, η, ω), and is characterized by: η(ξ) = 1, and ι(ξ)ω = 0. Proposition 1.2. ((η, ω)−decomposition) Let (M, η, ω) be a cosymplectic manifold. Then, any vector field X on M decomposes a unique way as: X = X ω +X η , with X ω := I −1 η,ω (ι(X)ω), and X η := I −1 η,ω (η(X)η).
Cosymplectic vector fields
We would like to study those vector fields X of a cosymplectic manifold (M, η, ω) whose generating flow Φ X is a cosymplectic isotopy. To that end, we shall need the following fact.
To any smooth isotopy Φ = {φ t }, attached is a smooth family of smooth vector fields {φ t }, defined byφ
then it follows from the definition of the Lie derivative L that: Lφ t ω = 0, and Lφ t η = 0, for all t. This motivates the following definitions. Definition 1.6. Let (M, η, ω) be a cosymplectic manifold. A vector field X is said to be almost cosymplectic if there is a smooth function µ X on M such L X η = µ X η, and L X ω = 0.
We shall denote by χ η,ω (M ) the space of all almost cosymplectic vector fields of (M, η, ω). Definition 1.7. Let (M, η, ω) be a cosymplectic manifold. A vector field X is said to be cosymplectic if L X η = 0, and L X ω = 0.
We shall denote by χ * η,ω (M ) the space of all cosymplectic vector fields of (M, η, ω).
• ι X , we derive from the equalities L X (ω) = 0, and L X (η) = µ X η, that d(ι(X)ω) = 0, and d(η(X)) = µ X η. Thus,
In general we do not know whether for any α ∈ Z 1 (M ), the vector field X := I −1 η,ω (α) is a cosymplectic vector field or not. Let Cte(M ) be the space of all constant function on M , and consider the set
where ξ is the Reeb vector field. Note that Z 1 ξ (M ) is non-empty, since for any vector field X on M such that d(ι(X)ω) = 0, we have (ι(X)ω)(ξ) = 0, i.e., ι(X)ω ∈ Z 1 ξ (M ). In particular, from η(ξ) = 1, we derive that η ∈ Z 1 ξ (M ). η,ω (α). If {ψ t } is the flow generated by X, then for each t we have: ψ * t (ω) = ω, and ψ * t (η) = η.
Proof. Since dI η,ω (X) = dα = 0, then we drive that L X (ω) = −L X (η) ∧ η. But, ι(X)ω + η(X)η = α, and α ∈ Z 1 ξ (M ) imply that η(X) = α(ξ) = cte. So, d(η(X)) = d(α(ξ)) = 0, and this implies that L X (η) = d(η(X)) = 0, and L X (ω) = −L X (η) ∧ η = 0. This concludes the proof.
is a linear isomorphism.
Proposition 1.6. Let (M, η, ω) be a closed cosymplectic manifold. If X ∈ χ * η,ω (M ), then we have X η ∈ χ * η,ω (M ), and X ω ∈ χ * η,ω (M ).
Proof. Let X ∈ χ * η,ω (M ). Since L X ω = 0, and X = X ω + X η , we derive that
We claim that L Xη ω = 0. In fact, in any co-Darboux chart (x 1 , . . . , x n , y 1 , . . . , y n , z), we have ω = n i=1 dx i ∧ dy i , η = dz, and X η = f ζ, where f is a smooth function defined on the domain of the corresponding chart, and ζ is the corresponding Reeb vector field. Thus, L Xη ω = L f ζ ω = f L ζ ω = 0. So, we have L Xη ω = 0, which together with L Xη ω = −L Xω ω, implies that L Xω ω = 0. Similarly, from L Xη η = −L Xω η, we derive that L Xη η = 0. We shall denote by ham η,ω (M ) the space of all almost co-Hamiltonian vector fields of (M, η, ω). Definition 1.11. Let (M, η, ω) be a compact cosymplectic manifold. A cosymplectic isotopy Ψ := {ψ t } is called a co-Hamiltonian isotopy, if for each t, the vector fieldψ t is a co-Hamiltronian vector field, i.e.,ψ t ∈ ham * η,ω (M ), for each t. We shall denote by CH η,ω (M ) the space of all co-Hamiltonian isotopies of (M, η, ω), and put
Ham η,ω (M ) := ev 1 (CH η,ω (M )) .
(1.7)
The elements of the set Ham η,ω (M ) are called co-Hamiltonian diffeomorphisms of (M, η, ω).
Example 1.5.
• As in Example 1.3, let M = R (2n+1) with coordinates systems (z, x 1 , . . . , x n , y 1 , . . . , y n ), η = dz, and ω = Σ n i=1 dx i ∧ dy i , then for each fixed a = (s, a 1 , . . . , a n , b 1 , . . . , b n ). Since the map Φ a : t → ψ ta is a cosymplectic isotopy, then its generating vector field X :
is a cosymplectic vector field.
• Let (M, η, ω) be a closed cosymplectic manifold. The Reeb vector field ξ of (M, η, ω) is a cosymplectic vector field since ι(ξ)ω = 0, implies L ξ (ω) = 0, and also η(ξ) = 1, implies L ξ (η) = d (η(ξ)) = d(1) = 0.
Cosymplectic flows
for each t and
for each t.
3. Let {φ t } ∈ Iso η,ω (M ). Then, for each t, we have
, then for each t, we have
.
Here is a direct consequence of the above remark.
Cosymplectic Structure
In order to further describe some structures of cosymplectic manifolds we shall need the following result. Note that using Lemma 2.1 together with a result found by Buhosky [6] , Banyaga and Bikorimana [4] have studied the cosymplectic analogue of the C 0 −rigidity result of Eliashberg-Gromov [7] .
Cosymplectic Stability
We shall combine Lemma 2.1 together with the usual Moser stability result from symplectic geometry to derive a proof of the following weak stability result.
Theorem 2.1. . Let M be a smooth compact manifold of dimension (2n + 1), admitting two cosymplectic structures (η 0 , ω 0 ) and (η 1 , ω 1 ) with η 0 (resp. ω 0 ) cohomologous to η 1 (resp. ω 1 ). Assume that for each t ∈ [0, 1], the map I ηt,ωt is an isomorphism over the module C ∞ (M ), where η t = (1 − t)η 0 + tη 1 , and ω t = (1 − t)ω 0 + tω 1 . Then, there exist a smooth family of maps {φ t } from M to itself, and a smooth family of functions {f t } with φ 0 = id M , and
Proof. We shall adapt the proof of similar result from symplectic geometry by apply Lemma 2.1. ConsiderM = M × S 1 equipped with the 2 formω := p * (ω) + p * (η) ∧ π * 2 (du) where u is the coordinate function on R and p :M → M, and π 2 :M → R, are canonical projections. Then, by Lemma 2.1, we have that (M ,ω) is a symplectic manifold. Since the family the of closed 2−formsω t := p * (ω t ) + p * (η t ) ∧ π * 2 (du), satisfies the assumption of the symplectic Moser's stability theorem, then there exists an isotopy ψ t such that ψ * t (ω t ) =ω 0 , for each t. Now, since p surjective, then fix l ∈ S 1 , and let S l be a smooth section of p such
Composing the above equality with S * l gives
(ω−Stability theorem). Let M be a smooth compact manifold of dimension (2n + 1), admitting two cosymplectic structures (η, ω 0 ) and (η, ω 1 ) with ω 0 cohomologous to ω 1 . Assume that for each t ∈ [0, 1], I η,ωt is an isomorphism over the module
Proof. We shall adapt the proof of similar result from symplectic geometry. Suppose that there exists a smooth isotopy
dt ω t = 0, and L vt (η) = 0. This implies that,
where
for all t ∈ [0, 1]. Conversely, suppose that one can find a smooth family of vector fields {v t } which satisfies (2.1), and (2.2), then its generating isotopy {ψ t } will satisfy ψ * t (ω t ) = ω 0 , and ψ * t (η) = η, for all t ∈ [0, 1]. So, it will be enough to solve (2.1), and (2.2). To that end, first note that (2.1) suggests that if ξ is the Reeb vector field, then α(ξ) = 0, and with this information, the equations (2.1), and (2.2) are equivalent to: 
Proof. We shall adapt the proof of Theorem 2.2. In fact here, v t = −f I −1 ηt,ω (η t ), with η 1 − η 0 = df for some smooth function f . Theorem 2.4. (Stability theorem I). Let M be a smooth compact manifold of dimension (2n + 1), admitting two cosymplectic structures (η 0 , ω 0 ) and (η 1 , ω 1 ) with η 0 (resp. ω 0 ) cohomologous to η 1 (resp. ω 1 ). Assume that for each t ∈ [0, 1], I ηt,ωt is an isomorphism over the module
Proof. Suppose that there exists a smooth isotopy
5)
where ω 1 − ω 0 = dα, for all t ∈ [0, 1]. Conversely, suppose that one can find a smooth family of vector fields {v t } which satisfies (2.5), and (2.4), then its generating isotopy {ψ t } will satisfy ψ * t (ω t ) = ω 0 , and ψ * t (η t ) = η 0 , for all t ∈ [0, 1]. So, it will be enough to solve (2.5), and (2.4). Firstly, note that from (2.5), it follows that: if ξ t := I −1 ηt,ωt (η t ), then α(ξ t ) = 0, for each t. This condition suggests that (2.5), and (2.4) are equivalent to:
for all t ∈ [0, 1]. From the non-degeneracy of I ηt,ωt , one can solve (2.6) to obtain {v t }.
Theorem 2.5. (Stability theorem II). Let M be a smooth closed manifold of dimension (2n + 1), admitting two cosymplectic structures (η 0 , ω 0 ) and (η 1 , ω 1 ). Assume that {η t } (resp. {ω t }) smooth family of closed 1−forms (resp. closed 2−forms) with endpoints η 0 and η 1 (resp. ω 0 and ω 1 ) where (M, η t , ω t ) is a cosymplectic manifold for each t, such that
is a smooth family of smooth functions on M , whereas ∂ ∂t ω t = dα t , for each t. So, set ξ t := I −1 ηt,ωt (η t ), for each t, and from the non-degeneracy of I ηt,ωt , there exists a unique family of vector field {v t } such that
for each t. Note that with this assumption, it is not hard to see that for such vector field {v t }, applying ξ t in both side of (2.7) implies that η t (v t ) + α t (ξ t ) + f t = 0. So, if {ρ t } is the generating isotopy of {v t }, then we have
Lemma 2.2. Let M be a smooth manifold of dimension (2n + 1). Let Q be a compact submanifold of M , let η 0 , η 1 ∈ Z 1 (M ) and ω 0 , ω 1 ∈ Z 2 (M ) such that (η 0 , ω 0 ), and (η 1 , ω 1 ) induce two cosymplectic structures on a neighborhood of Q with ω 0 (q) = ω 1 (q), and η 0 (q) = η 1 (q), for all q ∈ Q. Then, there exist open neighborhoods U 0 , and U 1 of Q, and a local diffeomorphism ψ : U 0 −→ U 1 such that ψ * (ω 1 ) = ω 0 , ψ * (η 1 ) = η 0 , and ψ |Q = id.
Proof. Let η 0 , η 1 ∈ Z 1 (M ) and ω 0 , ω 1 ∈ Z 2 (M ) be as in the above assumption, and let us show that there exists a neighborhood U of Q such that ω 1 − ω 0 = dα, and η 1 − η 0 = df , where α is a 1−form on M , and f is a smooth function on M . To that end, we shall adapt the technique used to prove similar result from symplectic geometry. To that end, fix a Riemannian metric g on M , and identify the normal bundle NQ of Q with the orthogonal complement Q ⊥ . Then, the exponential map exp : NQ −→ M is a diffeomorphism on some
for δ sufficiently small. We set U := exp(B δ ) (Note that such an δ>0 exists because Q is compact. For each 0 ≤ t ≤ 1, define φ t (exp((q, v))) = exp((q, tv)).
Note that for t>0, we have that φ t realizes a diffeomorphism from U, onto its image in U. Moreover, we have φ 1 = id, φ 0 (U) = Q, and φ t restricted to Q is the identity of Q. Now, set τ = ω 1 − ω 0 , and σ = η 1 − η 0 , and for each 0<t ≤ 1, set
for all x ∈ M . Now, for any s>0, compute
Similarly, one obtains
For each vector field, u, and v on U, we have
as s −→ 0 + since φ 0 (U) = Q, and τ = 0 on each T q M , for each q ∈ Q. This implies that
. Note that the restrictions of τ , and σ to T q M are trivial since the restriction of φ t to Q is the identity map. For instance, set η t = η 0 + t(η 1 − η 0 ), and ω t = ω 0 + t(ω 1 − ω 0 ) for each t, and derive that • ∂ ∂t ω t = dτ , and • ∂ ∂t η t = σ, for each t. Now, for each t, consider I t := I η 0 ,ω 0 + t(I η 1 ,ω 1 − I η 0 ,ω 0 ): Since non-degeneracy is an open condition, then I t is non-degenerate in a smaller neighborhood of Q: for each t, the couple (η t , ω t ), induces a cosymplectic structure on that neighborhood. We have to show that if ξ t := I −1 t (η t ), then d(τ (ξ t )) = 0.
From ι(ξ t )ω t = 0, we derive that td(τ (ξ t )) = −L ξt ω 0 , for each t. We claim that for 0<t ≤ 1, we have L ξt ω 0 = 0. Proof of the claim: Assume by contradiction that there exists s ∈]0, 1] such that L ξs ω 0 = 0. In particular, since the two forms L ξs ω 0 , and L ξs ω 1 agree on Q, then sL ξs ω 1 + (1 − s)L ξs ω 0 = 0, on a neighborhood of Q. That is,
on a neighborhood of Q since ξ s is a cosymplectic vector field on a neighborhood of Q. Formula (2.8) yields a contradiction, and the claim follows. Therefore, from η t = η 0 + t(η 1 − η 0 ), and ω t = ω 0 + t(ω 1 − ω 0 ) for each t, and derive that
for each t. From the stability theorem (Theorem 2.5), we can find a smooth family of vector field X t defined on a neighborhood of Q such that
for each t. It is enough to show that there exists a small neighborhood U 0 ⊂ U of Q such that the family of diffeomorphisms ψ t defined by the ODE,ψ t = X t • ψ t , and ψ 0 = 0, which is defined on U 0 . By contradiction, assume that no such a neighborhood exists. Then there exists a sequence of points x i ∈ U and a sequence of s i ∈ [0, 1) such that ψ t (x i ) is defined for t ∈ [0, 1], and ψ t i (x i ) ∈ ∂U, and as i −→ ∞, x i belongs to the closure of Q. Thus, a subsequence of q i of x i converges to q 0 ∈ Q, and a subsequence t i of s t converges to t 0 ∈ [0, 1], whereas the orbit [0, t i ] t → ψ t (q i ) converges to the orbit [0, t 0 ] t → ψ t (q 0 ), and since for each t ∈ [0, t 0 ], we have that ψ t (q 0 ) ∈ ∂U which is compact, then ψ t 0 (q 0 ) ∈ ∂U. This is a contradiction, because X t being trivial on Q, imposes that ψ t (q 0 ) = q 0 , for each t ∈ [0, t 0 ]. Therefore, take U 1 = ψ 1 (U 0 ), and ψ := ψ 1 . Theorem 2.6. (co-Darboux theorem). On a cosymplectic manifold (M, η, ω) of dimension (2n + 1), any point x ∈ M has a local coordinate system (z, x 1 , . . . x n , y 1 , . . . , y n ) in which η, and ω read: η = dz, and ω = Σ n i=1 dx i ∧ dy i . Proof. Since for each q ∈ M , we have that (T q M, η q , ω q ) is a cosymplectic vector space, we fix a Riemannian metric near q, and fix a choice basis η q , e 1 , . . . , e n , f 1 , . . . , f n of T q M as in Theorem 1.1. With this given, we define φ : R (2n+1) −→ M, (z, x 1 , . . . , x n , y 1 , y 2 , . . . , y n ) → exp q (zη q + n i=1 (x i e i + y i f i )). The map φ is a diffeomorphism from a neighborhood U of zero in R (2n+1) onto a neighborhood of q ∈ M : Thus, (V,φ) defines a chart centered at q, withφ := φ −1 , and V := φ(U). Since the differential of the map exp q at the origin is the identity map, and the basis ξ, e 1 , . . . , e n , f 1 , . . . , f n is chosen as in Theorem 1.1, it follows that (φ * (η q ),φ * (ω q ) and (η q , ω 0 ) are cosymplectic couples on U are such thatφ * (η q ) and η q (resp.φ * (ω q ) and ω 0 ) agree on T q M . The theorem follows immediately by applying Lemma 2.2 with Q = {q}. This completes the proof.
Co-Hamiltonian dynamical systems
Let N([0, 1] × M , R) denote the vector space of all smooth functions F defined on [0, 1] × M such that M F t η ∧ ω n = 0, for all t. We shall call such functions, time-dependent co-normalized function. It is clear that any {φ t } ∈ CH η,ω (M ) determines a unique co-
On the other hand, let X be a co-Hamiltonian vector field of (M, η, ω), and let Φ X be its flow. Since I η,ω (X) = dG, for some G ∈ C ∞ (M, R), we derive that for each p ∈ M , we have d dt G(Φ t X (p)) = (dG(X)) (Φ t X (p)) = η(X) 2 (Φ t X (p)) ≥ 0, for all t, and for all p ∈ M . This means that not as in the symplectic case where the Hamiltonian is constant along the orbit of its flow; here in the cosymplectic case, along the orbit t → Φ t X (p), the energy function G, increases with time, and we have G(Φ t X (p)) = G(p) + t 0 (η(X) 2 (Φ s X (p))) ds, for all t, and for all p ∈ M . Therefore, it seems that in such a dynamics system, given a co-Hamiltonian vector field X of (M, η, ω), the orbit t → Φ t X (p) is σ−periodic if and only if, σ 0 (η(X) 2 (Φ s X (p))) ds = 0; and since the map s → η(X) 2 (Φ s X (p)), is positive and continuous, then we must have η(X)(Φ s X (p)) = 0, for all
, for each t.
Cosymplectic Structure and Symplectic Structure
From Lemma 2.1, we know that: If M is a manifold and η, ω is two differential forms on M with degrees one and two respectively, S 1 is the unit circle, and we considerM = M × S 1 equipped with the 2−formω := p * (ω) + p * (η) ∧ dθ where θ is the coordinate function on S 1 and p :M → M, is the canonical projection, then, (M, η, ω) is a cosymplectic manifold if and only if (M ,ω) be a symplectic manifold.
1. For any cosymplectic isptopy Φ = {φ t }, and for each t, let C(Φ, η) t , denote the constant function x → η(φ t )(x). It is not hard to see that if, Φ = {φ t }, and Ψ = {ψ t } are two cosymplectic isotopies, then
2. For any cosymplectic isotopy Φ = {φ t }, one defines an isotopyΦ = {φ t } of the symplectic manifold (M ,ω) as follows: For each t,
Furthermore, if we consider the canonical projection p :M → M, then for each t, we have p •φ t = φ t • p. Thus, the isotopyΦ = {φ t }, is in fact symplectic: sincẽ
3. We also haveφ t =φ t − p * (C(Φ, η) t ) ∂ ∂θ , for each t, which implies that
Comparison of norms
Let (M, η, ω) be a closed cosymplectic manifold, and let (M ,ω) be the corresponding symplectic manifold, whereM = M × S 1 equipped with the 2−formω := p * (ω) + p * (η) ∧ dθ where θ is the coordinate function on S 1 and p :M → M, is the canonical projection. Equip M with a Riemannian metric g, and S 1 with its natural metric g , and then denote byg the corresponding induced product metric onM . Now, consider α to be a 1−form on M , and let us recall the definition of the uniform sup norm of α : for each x ∈ M , we know that α induces a linear map α x : T x M → R, whose norm is given by
where . g is the norm induced on each tangent space T x M (at the point x) by the Riemannian metric g. Therefore, the uniform sup norm of α, say |.| 0 is defined as
On the other hand, since p * (α) is a 1−form onM , then for each (x, θ) ∈M , we have
where . g (resp. . g ) is the norm induced on each tangent space T x M (resp. T θ S 1 ) by the Riemannian metric g (resp. g ). Therefore, for each (x, θ) ∈M , we have 1 (M , R) ) denote the first de Rham cohomology group (with real coefficients) of M (resp.M ), and let Z 1 (M ) (resp. Z 1 (M )) denote the space of all closed 1−forms on M (resp.M ). Consider the map
to be a fixed linear section of the natural projection
Each α ∈ Z 1 (M ) splits as: α = S(π(α)) + (α − S(π(α))).
(2.17)
We shall call the 1−form (α − S(π(α))) the exact part of α, and throughout all the paper, for simplicity, when this will be necessary, the latter 1−form will be denoted df α,S to mean that it is the differential of a certain function that depends on α and S; while we shall call the 1−form S(π(α)) the S−form of α. Let H 1 (M, S) denote the space of all S−forms, and define the set B 1 (M ) as:
We then have the following direct sum: for each linear section S (see [15] (M, R) is a finite dimensional vector space whose dimension is the first Betti number b 1 (M ), then H 1 (M, S) is of finite dimension [14] . Thus, there exists a positive constants K 1 (g) and k 2 (g) which depend on the Riemannian metric g on M such that be the canonical projection, where Z 1 (M ) is the set of all closed 1−forms onM . Since the following composition of linear mappings
is continuous, then there is a constant κ 0 such that
is any fixed linear section ofπ, then there exists a positive constant υ 0 such that |S(π(θ))| 0 ≤ υ 0 π(θ) L 2 , (2.23) for all θ ∈ Z 1 (M ). Therefore, 0 ≤ |S(π(p * (S(π(α)))))| 0 ≤ υ 0 π(p * (S(π(α)))) L 2 ≤ υ 0 κ 0 |S(π(α))| 0 , (2.24) for all α ∈ Z 1 (M ).
Co-Hofer-like geometry
For any X ∈ χ * η,ω (M ), the closed 1−forms ι(X)ω and η(X)η split as: Hence, the closed 1−form, I η,ω (X) splits as:
From the above splitting, one defines a norm . S C on χ η,ω (M ) as follows: For any X ∈ χ * η,ω (M ),
where . L 2 is the L 2 −Hodge norm, and ν B is any norm on B 1 (M ) which we assume to be equivalent to the oscillation norm:
for all f ∈ C ∞ (M ) (see [15] ). Proof. Let X be a strict cosymplectic vector field such that
with respect to the S−decomposition, and
with respect to the T −decomposition. It is enough to show that there exists C 1 >0, and C 2 >0 such that (M, T ) )<∞, then all the norms on each of the spaces H 1 (M, S) and H 1 (M, T ) we shall equip H 1 (M, S) with a basis B (resp. H 1 (M, T ) with a basis B ) and denote by . B (resp. . B ) the corresponding norm. So, we only have to show that
(2.30) The inequalities (2.29) and (2.30) follow from similar arguments to those used in Banyaga [2] for Hodge's decomposition. But, here the uniqueness of harmonic part in Hodge's decomposition is replaced by the fact that
Base on Theorem 2.7, we shall denote the norm . S C , simply by . C no matter the choice of the linear section S.
Co-Hofer-like lengths
Let Φ = {φ t } ∈ SIso η,ω (M ), for each t, we have
Therefore, we define the L (1,∞) −version of the co-Hofer-like length of Φ := {φ t } as:
and, L ∞ −version of the co-Hofer-like length of Φ as:
i.e.,
Hence, we see that in general, we may have l (1,∞)
The restriction of the above lengths to the group CH η,ω (M ) will be called co-Hofer lengths, and denoted l ∞ CH , and l
Notice that the lengths l ∞ CH , and l (1,∞) CH are symmetric.
Example 2.1. 1. Consider M = T (2n+1) with coordinates systems (θ, θ 1 , . . . , θ n , θ 1+n , . . . , θ 2n ), η = dθ, and ω = n i=1 dθ i ∧ dθ i+1 , then for each fixed v = (s, a 1 , . . . , a n , b 1 , . . . , b n ), the map ψ v (θ, θ 1 , . . . , θ n , θ 1+n , . . . , θ 2n ) = (θ + s, θ 1 + a 1 , . . . , θ n + a n , θ 1+n + b 1 , . . . , θ 2n + b n ) is a cosymplectomorphism of (T (2n+1) , η, ω). Furthermore, the map Φ v : t → ψ tv is a cosymplectic isotopy of (T (2n+1) , η, ω). Note that, here, the 1−forms dθ, dθ 1 , . . . , dθ n , dθ 1+n , . . . , dθ 2n are harmonic with respect to the flat metric, and forms a basis of H 1 (M, g 0 ). We have
2. If ξ is the Reeb vector field of (T (2n+1) , η, ω), then I η,ω (ξ) = dθ, and so, if φ θ is the flow generated by ξ, we have 
By (2.24), we have π(p * (H t ω + K t η )) L 2 ≤ κ 0 |H t ω + K t η | 0 , whereas by (2.20), we have
so, we then derive that
Thus, (2.39) and (2.43) imply that
44)
In the rest of this paper, we shall refer to (2.44) as the Co-energy-inequality.
Gromov area of fibers
Assume that Φ F = {φ t } is a coHamiltonian isotopy such that I η,ω (φ t ) = dF t , for all t, and Φ F = {φ t } is defined via Φ F as in the Subsection 2.2 with φ 1 = id M , let C W (B) represents the Gromov area of a ball B on the closed symplectic manifold (M ,ω) [13] . Since φ 1 = id M , thenφ 1 = idM , i.e., there exists a compact subset B 0 ⊂M such thatφ 1 (B 0 ) ∩ B 0 = ∅. We may assume that B 0 is of the form B × C, with B a compact subset of M , and C subset a compact of S 1 . Thus, for each fixed θ ∈ C, the compact fiber B × {θ} is also completely displaced byφ 1 . Therefore,
In the rest of this paper, we shall refer to (2.46) as the Co-capacity-inequality.
Here is the cosymplectic analogues of Theorem 6− [9] . Proof. Let assume that φ = ψ 1 , i.e., there exists a compact subset B 0 ⊆ M which is completely displaced by (ψ 1 ) −1 • φ, and since the convergence φ 1 i −→ φ, is uniformly, then we may assume that (ψ 1 ) −1 • φ 1 i , displace equally B 0 , for all i sufficiently large. Fix i 0 to be a sufficiently large natural number. Now, we have a sequence of cosymplectic isotopies {{ψ t } −1 • {φ t j }} j≥i 0 with time-one map (ψ 1 ) −1 • φ 1 j , for all j ≥ i 0 . Thus, we derive from the Co-energy-inequality that 0< 1 4π max{(1 + κ 0 k 2 (g)),
for some nontrivial compact subset C 0 of the unit circle, and for all j ≥ i 0 . Since the righthand side in (2.44) tends to zero as j tend to infinity, then (2.44) yields a contradiction.
The following result is an immediate consequence of Theorem 2.8, and it can justify the existence of a cosymplectic counterpart of C 0 −symplectic geometry (see [3] ). Corollary 2.1. Let Φ i = {φ t i } be a sequence of symplectic isotopies, Ψ = {ψ t } be another symplectic isotopy, and let Ξ : t → Ξ t be a family of maps Ξ t : M → M , such that the sequence Φ i converges uniformly to Ξ and l ∞ C (Ψ −1 • Φ i ) → 0, i → ∞. Then Ξ = Ψ. Proof. Assume the contrary, i.e., assume that Ψ = Ξ. This is equivalent to say that there exists t ∈]0, 1] such that Ξ t = ψ t . Therefore, the sequence of symplectic paths Φ t,i : s → φ st i contradicts Theorem 2.8.
Co-Hofer norm
Let ψ be a co-Hamiltonian diffeomorphism. We define respectively the L (1,∞) −co-Hofer norm and L ∞ −co-Hofer norm of ψ as follows:
CH (Ψ)), (2.47) and, ψ ∞ CH = inf(l ∞ CH (Ψ)), (2.48) where each infimum is taken over the set of all strict coHamiltonian isotopies Ψ with time-one map equal to ψ.
Theorem 2.9. Let (M, η, ω) be a compact cosymplectic manifold. Then, each of the rules .
(1,∞) CH , and . ∞ CH induces a bi-invariant norm on Ham η,ω (M ).
Co-Hofer-like energies
Let φ ∈ G * η,ω (M ). We define respectively the L (1,∞) −energy and L ∞ −energy of φ as follows: e (1,∞) C (φ) = inf(l (1,∞) C (Φ)), (2.49) and, e ∞ C (φ) = inf(l ∞ C (Φ)), (2.50) where each infimum is taken over the set of all strict cosymplectic isotopies Φ with time-one map equal to φ. (1,∞) C , and . ∞ C induces a right-invariant norm on G * η,ω (M ). Proof. Since checking the other properties of a norm are straight calculations, we shall just prove the non-degeneracy of the norm . ∞ C : If φ ∈ G η,ω (M ) such that φ ∞ C = 0, then from the definition of the norm . ∞ C , we derive that there exists a sequence of cosymplectic isotopies {Φ i }, each of which with time-one map φ such that l ∞ C (Φ i )<1/i, for each i. That is,
• lim C 0 (Φ i (1)) = φ, and
• l ∞ C ({Id} −1 • Φ i ) → 0, as i → ∞, where Id is the constant path identity. Hence, by Theorem 2.8, we must have φ = id M .
